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Abstract 

We study Wilson loops in the 4-dimensional M = 2 supersymmetric quiver/M theory 
duality recently constructed by Gaiotto and Maldacena, that is conjectured to be dual 
to M2 branes on AdS§ x S 4 fibered over £2. We use the localization method raised by 
Pestun, in order to compute the Wilson loop in 4-dimensional N = 2 supersymmetric 
linear quiver gauge theory. We obtained the consistent results in the quiver gauge theory 
and the 11-dimensional supergravity. This match supports the N = 2 quiver SCFT / M 
theory supergravity duality. 



1 Introduction 



We study supersymmetric Wilson loop operators in the four-dimensional quiver theory of 
Gaiotto and Maldacena [1]. This theory is conjectured to represent the low-energy dynamics 
of N coincident M5-branes wrapping on a Riemann surface. This in turn has an alternative 
description as one M theory on AdS 5 x S 4 fibered over S 2 at IR fixed point, where S 2 is a 
Riemann surface with constant curvature. Though there is a beautiful pre-map between Af = 2 
quiver/M theory duality [1], there remains many details which need to match between field 
theory and M theory, like supergravity modes from Kaluza Klein reduction and spectrum of 
quiver fields. One typical question is the duality between Wilson loop operators in the quiver 
and corresponding membranes in the bulk, which is investigated in the present work. 

We shall focus on Wilson loop operators due to well known reasons. One is that they are 
the principal gauge invariant observables. Another, these operators play an important role in 
the gauge/gravity correspondence [2], since they are found to be dual to semiclassical strings 
in the dual supergravity background [3, 4]. Third, it can be calculated exactly in some gauge 
theories like Af=A SYM even at strongly coupled case and matched with string theory [5, 6, 8]. 
It is therefore interesting to see if an analog observable exists in the new Af=2 4D quiver gauge 
theory which is expected to describe the IR field theory of M5 branes wrapped over Riemann 
surface. 

2 Wilson loop observable in Gauge theory 

We shall first introduce the quiver/M theory duality. Recently, a method to construct a large 
kind of 4D Af = 2 superconformal field theories (SCFTs) was discovered in [10] by Gaiotto. 
By analyzing Seiberg-Witten curves for quiver theories based on SU gauge groups [9] , Gaiotto 
gives a kind of SCFTs which arises as a compactification on a Riemann surface with punctures 
of the six-dimensional A N _i theory with (2,0) supersymmetry. The marginal couplings of a 
quiver theory are encoded in the moduli of the Riemann surface, and both weakly-coupled and 
strongly-coupled limits were shown to correspond to degenerations of the Riemann surface. 
Gaiotto's approach shows us a new unified understanding of the S-dualities of SU(2) gauge 
theory with four flavors [11], which involves the triality of SO (8) flavor symmetry, and of 
SU(3) gauge theory with six flavors, the strongly-coupled limit of which is conjectured to be 
dual to the mysterious isolated SCFT with E % flavor symmetry [12] with a gauged SU(2) 
part and one flavor [13]. More important, it predicted a totaly new family of SCFTs T N) 
with SU(iV) 3 flavor symmetry which are isolated, with no marginal couplings. Gaiotto duality 
has been extended in many directions, like D type [14], different matter [16], more complex 
brane webs [15]. Due to the clear framework, in which 4D Af = 2 quiver gauge theories are 
realized by 6D (2,0) An~i SCFT over Riemann surfaces, a new connection between Nekrasov 
partitions functions 4D field theory and Liouville correlation functions has been proposed [17], 
and there are related extensions [18]. In the interesting work [1], quivers constructed with the 
theory T N were considered as the IR field of the N M5 branes wrapped over Riemann surface 
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with punctures, investigated more concretely. In particular, the holographic gravity solutions 
were discussed in detail and various quantities like central charges of conformal anomaly and 
dimensions of a certain kind of special operators were matched between the field theory and M- 
theory description. In the following subsection, we will first understand this duality in details 
and study how to construct Wilson loop operators in the next subsection. 



2.1 Superconformal quivers 

We begin with a quiver gauge theory in 4D first considered in [9]. In 10D IIA theory, considering 
intersecting N D4 branes and NS5 branes of the following configuration: 

NS5 :1 2345**** 

(2.1) 

DA :123 * * 6 * * * 

N D4 branes are divided into N + 1 parts by N parallel five branes in the x 4 direction, then 
we obtain a macroscopically low energy 4D conformal qiver gauge theory with N — 1 gauge 
groups Y[ SU(N), N fundamental hypermultiplets at each of the two ends and bi-fundamental 
hypermultiplets between each two gauge groups. We refer to the quiver diagram in Fig. 2 (a) 
in [1]. Similar to Argyres-Seiberg duality [13], the strongly coupled limit of the original quiver 
produce alternative weakly coupled dual gauge groups, with a piece of strongly coupled Tjv, 
which is presented by the dual quiver in Fig.2(b) in [1]. T N is Af = 2 SCFT with SU (N) 3 global 
symmetries and no coupling constant, clear in Fig. 2(c) in [1] if we zero couple the SU(N) in 
Fig.2(b) in [1]. 

Before constructing wilson loop operators, we list the already known information about the 
mysterious Tjy. 

1. The contribution to the SU(N) beta function from the T N part in Fig. 2(b) in [1] is the 
same as that of iV fundamental hypers, which makes the whole quiver is conformal. 

2. An isolated T/v describes the low energy field of N M5 branes wrapped over a Rie- 
mann surface with three punctures, with three isolated SU (N) global symmetries, no coupling 
constant. 

3. The effective number of vectormultiplets and hypermultiplets in T N is n v and n h 

2N 3 3N 2 N 2N 3 2N , , 

»» = — - — - T + i. '"■ = — --. < 2 - 2 > 



and the conformal anomaly 

2n v + n h 5n v + n h 

c = a = . 

12 24 



(2.3) 



By Gaiotto duality techniques, we can construct more general quiver diagram by sewing T/v by 
SU (N) vectormultiplets. Thus for a genus g quiver, we obtain effective vectors and hypers 

nl = {g-l) [4iV 3 /3 - iV/3 - 1] 
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n{ = (g-l)[4N 3 /3-4N/3]. 
Thus a and c for genus g quiver are 

c 9 = (g-l)[N 3 /3-N/6-l/6], (2.4) 

a 9 = (g-l)[N 3 /3- N/8 -5/24} . (2.5) 

2.2 Wilson loop 

We shall study Wilson loop operators of the quivers in above subsection. As a warm up, in 
M = 4 SYM , the Wilson loop is constructed by 

W(C) = -^Tr [Pexp( (j)(iA^ + 9 1 7 Vd?)dr)}, (2.6) 

where x M (r) parametrizes the loop and 9 1 is the direction vector. The added adjoin scalar 
helps the Wilson operator keep some supersymmetries. To obtain the Wilson loop in quiver in 
Fig. 2 (a) in [1], we first consider the simplest two gauge group quiver 

W^ 2 \C) = -^Tr [Pexp( j{iA^x» + i$£ 1,2) )t*r]. (2.7) 

Actually, if we have a closed quiver with N gauge groups and N bi-fundamentals, which is a 
closed form of quiver in Fig. 2(a) in [1]. We can construct the same super symmetric Wilson 
loop for each gauge group A^ n \ n = 1 ~ N. 

W (n)(C) = ^Tr [Pexp(^(iA^df + i$J n) )dr]. (2.8) 

We can go straight forward to the perturbative calculation for the once given Lagrangian. For 
the 3D ABJM 1 , perturbative calculation shows that Wilson loop on a circular [19, 20, 21] 

2 ivr2 2 1YT2 

(W M ) = 1 + l*._L^. + 0(*-»). (2.9) 

In the strongly coupled range, it is expected that there exists a combined gauge invariant Wilson 
loop 

Wo = — {W {1) + W (2) + • • • + W {n) ) , (2.10) 

which is shown to be dual to the fundamental string / or M brane with two ends on the 
boundary loop in gauge/gravity duality. To support this expectation, we need to go to the 
matrix description of Wilson loop operators. In superymmetric gauge theory side, one exact 
calculation by localization was done by Pestun [8], which proved the Gaussian matrix conjecture 
of [5, 6] in M = 4 SYM and gave the M = 2 method in the same time. This localization method, 
first introduced in [7] will be discussed in the following section more concretely, and we will use 
the main result for the Wilson loop in Af = 2 quivers here at first and leave the provement in 



1 Where, there is a adjoin scalar composed of two bi-fundamcntal scalars. 
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the following section. As a warm up, in Af = 4 SYM, the expectation value of a Wilson loop 
on a circular 

(W(C)) = <^tre 2 ^> = -7^h(V2X). (2.11) 



In the large N limit, 

2 -.h(V2X) ~ -(2A)~ 3 / 4 e^. (2.12) 



'2A vr 

In field theory, this result comes from the summation of all ladder diagrams and the 1-loop 
correction is proved to be trivial. While in Af = 2 SYM, the 1-loop corrections nontrivial, thus 
the matrix model is somehow hard to solve. However, taking account of the 1-loop effect, in the 
Af = 2 quiver with A" SU gauge field and A" bi-fundamentals, the combined operator has the 
same equation of motion as the Af = 4 Wilson operators. The final effective t'Hooft coupling 
for W (C) is 

1111 1 . 

A = iV<A7 + ^ + '" + A^ (2 ' 13) 
Thus, the result is that VEV of the "average Wilson loop" (2.10) is the same as Af = 4 SYM 
with a new t'Hooft coupling (2.13). Let us turn to the quivers in Fig 2 in [1]. In (a), by (2.13) 
the VEV of the Wilson loop is 

(W ) a = -^=h(V2T a ). (2.14) 
And for the tail in (b), the VEV of the Wilson loop is roughly 2 

(W Q ) b = -%=h{y/Z\ h ). (2-15) 
V ^^b 

Where 

N 2 N 

^ a = -2 , ^2~, ; =2> ^ b = ~i^2 ~, ; 7=2 r • (2-16) 

9i +9 2 +--- + 9n 9 2 *2 + --- + 9n *n 

For simplicity, we assume goes to infinitely large in a certain way but keep g~ 2 = g~ 2 
fixed, and g' — g' 2 — • • • — g' N are weak coupling constants. Then 

a' 2 N 

X a = g 2 N 2 , \ b = , 9 . (2.17) 
y ' InV-l V ; 

At the large A^ limit, there is always A a ^> Af,. We assume that there exists a term we missed 
while constructing the Wilson loop operator in the whole quiver (b), which comes from the T/v 
theory. We assume it is a adjoin term, which should be added into the integration in (2.8). In 
the decouple limit between T/v and tail of (b), we can define a loop operator in Tjv theory as 3 

(W(C)) Tn = { Z { ^!l a -(¥) '^e^-^. (2.18) 



(W(C)) b \x b 



2 By "roughly" we mean, for quiver with different-rank gauge groups, the following formula needs further 
proved. But quantitatively, (Wo) a dominates in the large N limit, thus this generalization does not effect the 
final result. 

3 By (2.18), concretely we define a loop operator in a minimal block including one "Tat", which is half of the 
two genus quiver, shown in Fig. 5 a) in [1]. 
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In the large N limit, the leading exponential term is 

{Wtp)) TN ~e^ N . (2.19) 

This term will contribute mostly in the Wilson operators in elementary blocks of quivers com- 
posed of T/vs and other gauge fields. 



2.3 Matrix model by localization 

In order to prove (2.13), we need to take details of matrix conjecture for Wilson loop operators. 
First, let us briefly review the localization method to calculate the Wilson loop in Af = 4 SYM, 
which is presented in [8]. It is a complex process more or less, which starts from the construction 
of Af = 4 SYM in S 4 , we would like to list the main steps to give a simple description of the 
process. This can be extended directly to Af = 2 loop operators. 

STEP 1. Construction of Af = 4 SYM theory on S 4 . We start from the 10 dimensional 
Af = 1 SYM action 

S = J d w x^- {^-F MN F MN - VT M D M ^ , (2.20) 

which is invariant under the supersymmetry transformations 

5 e A M = eV M V 5 e V = l -F MN T MN e. 

After dimension reduction, we have the Af = 4 SYM on S 4 

S N =a = tt^t- [ V9d 4 x (\f mn F mn - ^ M D M m + - 2 <S> a <S>a) , (2.21) 
z 9ym Js 4 \ z r j 

which is invariant under the Af = 4 super conformal transformations 

5 e A M = eT M V 5 e V = ^F MN T MN e + ^r M $ A V"e. (2.22) 

STEP 2. Off-shell SUSY extention. So far, we have superconformal algebra only closed on 
shell. To close off-shell SUSY of Af=A on S 4 we use the dimensional reduction of Berkovits 
method [22]. We add 7 auxiliary fields Ki with free quadratic action and the action becomes 

SV =4 = tt-It- / y/gdtx ( l -F MN F MN - ^ M D M m + 4$ A $ a) ~ K t K\ (2.23) 
z 9ym Js 4 \ z r J 

which is invariant under the superconformal transformations 

S £ A M = ^T M e 

Se y = ^ MN F MN + \^ A <p A D,t + K% (2.24) 
5 e K t = -v n M D M V, 
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where spinors Ui with i — 1, ... ,7 are required to satisfy the condition in (2.29)-(2.31) in [8]. 

STEP 3. Localization by choosing V potential. We deform the action by V, which is a 
Q-exact term 

S — > S + tQV. (2.25) 

For Q 2 -invariant V, the expectation value of Wilson loop does not change under the deforma- 
tion. Thus, if we set t — * oo, the action localizes to critical points of QV, over which we will 
integrate in the end. Choosing a suitable V, the action will become particular simple after 
localization. 

Finally, the remaining nonvanishing action 

S[a] = -—a 2 , (2.26) 

where a is an element of Lie algebra G. And the VEV of Wilson loop becomes a matrix model. 
For M = 2, the 1-loop contribution Z-^ loop and instanton correction Z^ st is non-trivial, and the 
VEV of Wilson loop is given by 

Z«(W R {C)) = — } J [da] e-^^^^l^^r- 1 ,^ 1 ,^)! 2 ^^ 2 — . (2.27) 

In the present letter we do not focus on the instanton effect, but take account of 1-loop correction 
seriously. 



2.4 Computation 

First, we shall write the matrix model for M = 2 SU(N) Wilson loop specifically and give the 
final integration form. Then, we extend this matrix model to Wilson operators in J\f = 2 quiver 
gauge theory. Finally, we show how to obtain quiver Wilson loop result (2.13) form saddle 
point equations. 



2.4.1 Af = 2 SU(N) Wilson loop 

From Pestun's view, for all M = 2 SCFT theory with massless hypermultiplets taken in repre- 
sentation by W. One can calculate the 1-loop contribution by 



Where 



The valid condition is 



7 Af=2,W ( -^ _ riagwcights(Ad) H ( la ' Q / e ) 

n„, e wcights(H/)^(^- a / e ) ' 



A l-loop \ m ) - tt zj7~. 777\ • [Z.ZX) 



H{z) = e-^\[U- Z -) (2.29) 

n=l V 71 ' n=l 
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for any a in G. This condition implies the vanishing /^-function for the M = 2 theory with a 
hypermultiplet in W. The matrix model for the expectation value of the Wilson loop in the 
spin-j representation is 

w = z -i f da e -*Z£M n^we igh ts(Ad) H(ia ■ fl/e) ^ 

Where e = 1/r, and r can be canceled by rescaling a := a ■ r. The integral can be switched to 
Cartan subalgebra. Then the above formula becomes 

w = z -i f dae ~^M n ag w Cigh ts(Ad) H{ia ■ ^ 
Jg lLewcightsW^l^- ) 

Take the M = 2 theory with the SU(N) gauge group and 2N hypermultiplets in the fundamental 
representation. In fundamental R, we have N weights. In order to represent them, we choose 
one set of convenient basis for the fundamental representation 

Vi = (--- ,l(i),---) T , z = l~W, (2.32) 

% means the «th position. In the same time, we choose a set of basis for the N x N traceless 
Hermitean matrices, which represent the N 2 — 1 generators of SU (N) as follow 

( T ab)cd = ^(SacSbd + S bc 5 ad ); (T^ 2) ) cd = -^-{8 ac 8 bd - 5 bc 5 ad ); (a < b; 1 < a, b < N) 

(T a (3) ) C(J = 5 cd [2a(a - 1)]~ 1/2 if c < a, -5 cd [(a - l)/2a] 1/2 if c = a, if c> a. (2 < a < N) 

(3) 

n - i rr are Cartan generators, and we obtain the weight vector for the fundamental 
representation by acting on V*. In adjoint representation, we have N 2 — 1 weights, which 
contains N — 1 zero weights and N(N — 1) finite weights. These finite weights can be obtained 
by subtracting each two fundamental weights, whose number is just 2 x Cfj = N(N — 1). Thus, 
we can get a and w for adjoint and fundamental representation respectively. The diagonalized 
generators are 

= diag{\, ■ ■ ■ , 1, -(a - 1), 0, • • • , 0)A/2a(a - 1) . 
The fundamental weights: 

= A J_ _L 1 x 

Wl l 2'2V3'2V6'"' V 2 «(«-l)'" 

= (-- J- J_ 1 \ 

W2 1 2'2v / 3'2 v / 6'"' V 2 «(«-l)'" 
-2 1 1 
W3 ~ { '27!' 271'"'' v /2a(a-iy'" h 
-3 1 



w 4 = (0 ,0 , 



2>/6'"' ' v/2a(a - 1) ' 
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w N = (0 ,0 ,0 ,0 , (A ' : 



y/2N(N-l) 

The finite adjoint weight is 

{(Xi, 012, ■ ■ -OlN{N-l)} = Wl2,W21,Wi 3 ,W 3 i,W23,W 32 ' ' • ,W N - 1N ,W NN -i . 

where 

Wij =Wi- Wj. 

More simply, we can take the Cartan as the set of diagonal matrices a = diag(\i, A 2 , ...Ajv-i, A at), 
with a zero summation condition. The roots of G — SU(N) are labeled by integers i ^ j, and 
we have: 

Yl a a ~ Yl a 'ij' a 'ij = X i ~ X r 

Then (2.31) becomes 

W = Z-' / g(A. - A,)' ( n e^^A.) H° ; g t,^. (2.33) 
In fundamental representation of Wilson loop, the above formula gives 

w=r> j n(A, - a,)' ( n : ^ t ^ ■ p-«> 

J ..... 



Remember 

~2 TT Z' 



oo 2 00 



H(z) = e ~^> 2 JJ(1 - JJ e~ = G(l + z)G(l - (2.35) 
For large A,, we expand 



n=l n=l 



log G( 1 + ,) = 1 - log A + | log 2, + (L. - i) log , - §*> + £ s^r, (2.36) 

where A is a constant and 5 ra are Bernoulli numbers. Then 

[logG(l + z) + logG(l - z)] = i - 2 log A + (^ - 1) log(-^ 2 ) - ^ 2 + . . . (2.37) 

where, two constant terms do not depend on a. The z square terms cancel with each other 
because of the valid condition. We define 

m = (j--^)log(-z 2 ). (2.38) 



Under Wick rotation, 



F(z E ) = (- Z f -l)log(4). (2.39) 
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2.4.2 Wilson loop in SU(N) linear quiver 

We extend Pestun's formular to quiver with two gauge groups and two bi-fundamentals. 4 

J i< 3 i [UijH{tX\ >)\ i 

where A 1 - 2 ** is from the Lie G^ 2 \ can be defined similarly. 

2.4.3 Saddle point solutions 

Under N — > oo, from (2.34), we obtain the saddle-point equation of motions: 

+ 2F(A.) - 1 £ F<(A, - A,) = 1 £ ^ . (2.41) 

We extend (2.34) to quiver gauge theory and in quiver theory composed of two groups SU(N), 
and bi-fundamental matters we obtain 



8tt 2 



oLJV * 1 TV ^ v * J iV ^ 1 J 7 iV ^ - A (1) 



^ + ^ E ^ - A?>) - 1 E ^ - Af ) = 1 E TBT^ • (2-43) 



8tt 2 

y ( 2 ) j i(^) A * A i 

Observing the above two equations, we find that by changing variables, the average loop has 
the same equation of motion as in the Af = 4 SYM, with the effective coupling 5 

As a simple extension, in the N SU (N) gauge groups linear quiver, we have 

1111 1 . . 

- = — ^ + ^ + --- + ^- . 2.45 
A N \ x A 2 Atv 

where A = g 2 N and \ = gfN are t'Hooft couplings. Thus we proved (2.13). We expect there 
is a membrane duality for the Wt n loop operator, whose expectation value is given by (2.19). 
This membrane should be one M2 brane with one direction compactified on We will study 
this in the following section. 



4 We found there is a similar extension for Chern-Simons quivers recently by Kapustin etc [24], which can 
give consistent results for Wilson loops in ABJM. 

5 We found consistent result was obtained by analyzing an explicit Af = 2 example in S.J.Rey's talk in Strings 
2009 [25]. Also we found the related discussion in T.Suyama's talk [26]. 
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3 Dual Membrane in supergravity 



From the geometry approximately A0IS7X S 4 at the boundary, if we put the M5 branes on a 
Riemann surface, then the IR geometry is AdSsX S 4 fibered on E2, the metric of which is given 
by [1] 



ds 2 u =^Nllf 



w 1 ' 3 



2 

2 4 
+ — cos 2 9(d?p 2 + sin 2 ipd(p 2 ) + — sin 2 9(d X + ( { 

W = (l + cos 2 6) , 



±ds 2 AdS& + 2 



(dr 2 + r 2 d(3 2 ) 



>l _ r 2)2 



+ IdQ 2 + 
2r 2 d(3 , 2 



r 2 ) 



(3.1) 



where r, (3 parametrize two dimensional hyperbolic space, which is quotiented to be a compact 
Riemann surface by a discrete group Y. Angles 9,ip,(fi,x denote a topologically S 4 . Note that 
central charge is given by 

N 3 Ay N 3 

c= ^_/ie = ^ A s = 4tt(s-1), 

which can be checked to be consistent with quivers with the same genus g. 



g > 1, 



(3.2) 



3.1 Expectation value of Wilson loop at strong coupling 

The Wilson loop operator is expected dual to M2 branes with one world volume direction wrap- 
ping one cycle in the Riemann surface X 2 /T. For simplicity, we assume M2 brane embedding 
is: 

z = <Ji,t = r,r = r(a 2 ),/3 = /3(a 2 ), (3.3) 
where, z is the AdS radial direction, then the action is 

dVv/det^, g ab = ——G^, T M2 = (3.4) 

Since a 2 is compactified, we can obtain the effective string tension in the AdS 5 



jda 2y /g, 



Then we have T s ~ N l / 3 l~ 2 , if we use the usual AdS/CFT duality relation \/A = 4, we have 
effective A ~ A^ 2 . The expectation value of strongly coupled Wilson loop turns 6 

(W) = e" 5jv/ 2 = e ~ Sstrmg = e 9b]N , (3.6) 

where, the coupling constant depends only on the compactifying circle 7 of the M2 brane over 
S 2 . The exponential term is same as the result in (2.19) by differing a normalized factor. One 
can check the SUSY of embedding M2 brane in background (3.1). This can be followed by [23]. 



6 Here, we subtract the divergent term and use the conformal equivalence between a line and a circle on the 
boundary. 
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